Goal Programming

= Firms usually have more than one goal. For example,

» maximizing total profit,

» maximizing market share,

» maintaining full employment,

» providing quality ecological management,

» minimizing noise level in the neighborhood, and

» meeting numerous other non-economic goals.

Goal Programming

= |tis not possible for LP to have multiple goals unless they are all

measured in the same units (such as dollars),
» a highly unusual situation.

= An important technique that has been developed to supplement

LP is called goal programming.




Goal Programming (continued)

= Goal programming “satisfices,”

> as opposed to LP, which tries to “optimize.”

» Satisfice means coming as close as possible to reaching

goals.

= The objective function is the main difference between Goal

Programming and Linear Programming.

= In Goal programming, the purpose is to minimize deviational

variables,

»which are the only terms in the objective function.

Harrison Electric Company

The Company produces two products popular with
home renovators: old-fashioned chandeliers and ceiling
fans.

Both the chandeliers and fans require a two-step
production process involving wiring and assembly.

It takes about 2 hours to wire each chandelier and 3
hours to wire a ceiling fan. Final assembly of the
chandeliers and fans requires 6 and 5 hours,
respectively.

The production capability is such that only 12 hours of
wiring time and 30 hours of assembly time are
available.
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Classical Linear Programming Formulation

If each chandelier produced nets the firm $7 and each fan
$6, Harrison’s production mix decision can be formulated
using LP as follows:

maximize profit = $7X, + $6X,
subject to:  2X, + 3X, <12 (wiring hours)
6.X, + 53X, <30 (assembly hours)
X, X, >0 (nonnegative)
X, = number of chandeliers produced
X, = number of ceiling fans produced
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Graphical Solution

With only two variables and two constraints, the graphical LP
approach to generate the optimal solution is given below:

o

Optimal LP Solution
X, =34, X, = 11/2,
Profit = $35.25

+ = Possible Integer Solution




Example of Goal Programming
Harrison Electric Revisited

Goals Harrison’s management wants to
achieve, each equal in priority:

= Goal 1: to produce as much profit above $30 as
possible during the production period.

= Goal 2: to fully utilize the available wiring department
nours.

= Goal 3: to avoid overtime in the assembly department.

= (Goal 4: to meet a contract requirement to produce at
least seven ceiling fans.

Ranking Goals with Priority Levels

A key idea in goal programming is that one goal is
more important than another. Priorities are assigned
to each deviational variable.

Eeach a profit as much abowe 330 as possible B
Fully nse wiring department hours available P,
Avoid assembly department overtime Py
Produce at least seven ceiling fans Py

Priority 1 is infinitely more important than Priority 2, which is
infinitely more important than the next goal, and so on.




(Groal 1: to produce as much profit above $30 as
possible during the production period.

Profit Goal is converted to constraint
7X1+6X2>=30
Let’s define d, as deviation of LHS from $30
d, = (7 X1 + 6 X2) - 30

The deviation d, can be either +ve or —ve denoted by d,* or d,

dyf - dy =7 X1+6X2 -30

The region specified by first goal is shown on graph

Goal 1: to produce as much profit above $30 as
possible during the production period.

M= h

¥ — Minimize & = P, a4y
Deviation below $30 (d,’) should

& — be minimized, because Goal is to
increase profit above $30 as much
as possible
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(Goal 2: to tully utilize the available wiring department

| :OU.I'S .

Wiring department has 12 hours. According to Goal 2 , all these hours
should be fully utilized. Hence the implied constraint is

2X1+3X2 >=12
Let’s define d, as deviation of LHS from 12 hours
d,=(2X1+3X2)-12

The deviation d, can be either +ve or —ve denoted by d,* or d,”

df - dy =2X1+3X2 -12

The reaion specified bv 2nd goal is shown on araph

Analysis of First and Second Goals

M
T 2
(I)/ " Minimiza Z— Py dy "+ P b
/ K 2 ‘\\
6(1) S 75 Deviation below 12 hours (d,)
= 2 should be minimized, because

%30 Goal is to use all the hours in
wiring department (no under-
utilization of hours in wiring)

S = TX1 + BXo — B0 = sl =T




(GGoal 3: to avoid overtime 1n the assembly department.

Assembly department has 30 hours scheduled
According to Goal 3, the consumed hours should not exceed 30.
Hence the implied constraint is
6 X1+5X2 <=30
Let’s define d; as deviation of LHS from 30 hours

dy = (6 X1 +5X2) - 30

The deviation d; can be either +ve or —ve denoted by d;* or d

ds* - dy =6X1+5X2 —30

The region specified by 3rd goal is shown on graph

(7oal 3: to avoid overtime 1n the assembly department.

X2 »
7 -Minirnize Z= Pydy + Pads + Pada"
A
(=

7X1+6X2>=30
p 2X1+3X2 >=12
6 X1+5X2 <=30

——— 22X +SX2= 12




Goal 3: to avoid overtime 1n the assembly department.

X2 »
7 -Minirnizo Z= Py dy + Pads + Pads®
A
(=3

Deviation above 30 hours (d;*)
oot should be minimized, because
Goal is to avoid using more than
30 hours in assembly department
(no over -utilization of hours in
assembly)

3 SN
J0
6X, + 5Xo = 30
2 .
1 }— - 22Xy + 3Xz =12
o 1 2 3 - s S G

(GGoal 4: to meet a contract requirement to produce at

least seven ceiling fans.
Assembly department has 30 hours scheduled
According to Goal 4 , the ceiling fans minimum quantity
Should be 7. Hence the implied constraint is

X2 >=7
Let’s define d, as deviation of LHS 7 units of X2
d,= X2-7
The deviation d, can be either +ve or —ve denoted by d,* or d,”
df - d =X2 -7

The region specified by 4th goal is shown on graph




Analysis of All Four Priority Goals

Minimize Z= P oy "+ Pods™ + Padzt+ Pydy

AN

akt Deviation below 7 (d,) should be
minimized, because Goal is to
produce at least 7 units

- GMy + ENo = 30

- SNy 4 ANy =12

o= 7

The constraint X2>=7 lies outside the feasible region. Excluding this constraint,
points A, B, C & D are extreme points in the feasible region.

AN

GBM + 5Xo = 30

— THMy) + BXo = 30— - 2X 4+ BN =12




Analysis of All Four Priority Goals

f 947 P4

= .l Moo= 7
. Minimize &= D) oy + Pods™ + P dg++ (=1
Point Priorities
A (0,6) P3
B (3.75,1.5) P2,P3
C (2,2.66) P1,P2
| D(0,5) P1

— — BNy + 5Xo = 30

- SNy 4 ANy =12

Solution at point A ( 0,6); priority P3

Goal 1 (Priority 1) : Profit should exceed $30
7X1+6X2=7(0)+6 (6) =36, Profit exceeds by $6
Goal 2 : (Priority 2) Fully utilize wiring department’s hours of 12
2X1+3X2=2(0)+3(6)=18,
wiring dept’s utilization exceeds by 6 hours of minimum value of 12
Goal 3 (Priority 3) : Avoid using more than 30 hours in assembly dept
6 X1+5X2=6(0)+5(6)=30, (zeroovertime)
Goal 4 (Priority 4) : Make at least 7 ceiling fans; X2 >=7

X2=6 (does not achieve this goal)
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Solution at point B (3.75, 1.5); priority P2,P3

Goal 1 (Priority 1) : Profit should exceed $30

7X1+6X2=7(3.75) + 6 (1.5) = 35.3, Profit exceeds by $5.3

Goal 2: (Priority 2) Fully utilize wiring department’s hours of 12

2X1+3X2=2(3.75) + 3 (15) = 12,

wiring dept’s utilization exceeds by 0 hours of minimum value of 12

Goal 3 (Priority 3) : Avoid using more than 30 hours in assembly dept

6 X1+5X2=6(3.75) + 5 ( 1.5) = 30, (zero overtime)

Goal 4 (Priority 4) : Make at least 7 ceiling fans; X2 >=7

X2=15 (Goal falls short by 5.5 units)

Solution at point C (2, 2 23); priority P1,P2

Goal 1 (Priority 1) : Profit should exceed $30
TX1+6X2=7(2)+6(22)=0, Profit exceeds by $ 0

Goal 2 : (Priority 2) Fully utilize wiring department’s hours of 12
2X1+3X2=2(2)+3(223)=12,

wiring dept’s utilization exceeds by 0 hours of minimum value of 12

Goal 3 (Priority 3) : Avoid using more than 30 hours in assembly dept
6X1+5X2=6(2)+5(22%3)=251s, (4 213 hours are left unutilized)

Goal 4 (Priority 4) : Make at least 7 ceiling fans; X2 >=7

X2=22u (Goal falls short by 4 13 units)
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Solution at point D (0, 5); priority P1

Goal 1 (Priority 1) : Profit should exceed $30

7X1+6X2=7(0)+6 (5¢) = 30, Profit exceeds by $ 0

Goal 2: (Priority 2) Fully utilize wiring department’s hours of 12

2X1+3X2=2(0)+3(5) =15,

wiring dept’s utilization exceeds by 3 hours of minimum value of 12

Goal 3 (Priority 3) : Avoid using more than 30 hours in assembly dept

6 X1+5X2=6(0)+5(5)=25, (5 hours are left unutilized)

Goal 4 (Priority 4) : Make at least 7 ceiling fans; X2 >=7

X2=5 (Goal falls short by 2 units)

Linear Pro%rammmg Formulation of
oal Program

Step1l:

Define objective function in terms of
Priority values of each Goal and its
corresponding deviations from the Goal

Step 2 :

Define constraint of the respective goal
with upper and lower deviation values
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Linear Proggammmg Formulation of
oal Program

Goal I: 10 produce as much profit above $3(.as . )
possible-during the production period. : : Goal 1
Xz
T R Priority: P1
Deviation below 830 (d;") should
s = beminimized, becawse Gedl s 1o || Negative deviation d;- should be

imcrease profit above $30 as m.uch
as pcsnble

minimum
Obj function:
P1d;

Related constraint:
d* - d =7X1+6X2 -30

Linear Pro%rammmg Formulation of
oal Program

Goal 2:
.12
7 = Qo : : B Priority: P2
i Minlmlzez P.a. s Pody—
6 [— 2 3 . . -
«I’,)( '{?A . . Negative deviation d,” should be
- 6‘_1,'2' ' {"\JQ " | Deviation below 13 howrs (d=) minimum
5K A -| should he minimized, because
: \‘?0 *| Goalis touse all the hours in
A A A s *|witing deparment (moumder- © H ANn-
* T utilization of hoursin wiring) Ob] fUnCthﬂ.

P2 d,
e Related constraint:
v Tl d,t - dy =2X1+3X2 12
1 | 1
o 1 2 3 4 s e X
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Linear Proggammmg Formulation of
oal Program

Goal 3: to avoid overtime in the assembly department.

7 -Mlnlmlzn Z= Pidy "+ Pads—+ Pads*

TX1+6X2>=30- |
h2X1+3X2 >=12
EX1 X2 =30

- 68X, + 5X2 =30

1 - TXy + 6X2 =30 > N 2X; + 3X2 =12

Goal 3:

Priority: P3

_{ Positive deviation d;* should be

minimum

| Objective function:

P3 d,*

“| Related constraint:

dy* - dy =6X1+5X2 —30

Linear Pro%rammmg Formulation of
oal Program

Xz 4 ! : :
: : i aat i
7 Xa=7 -
e P i shomled s
A
6 =  Minimize Z= P, dy "+ Pada + Padat+ Pdy
20 o - Deviation below 7 (d.7) should be

minimized, because Goal is to
produce atleast 7 units

- 6X; + 5X3 =30

2X, + 3Xz =12

Goal 4:

Priority: P4

Negative deviation d,” should be
minimum

Objective function:
P4 d,

Related constraint:
d,f -d = X2 -7
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Linear Proggammmg Formulation of
oal Program

Objective function:
{ Minimize prioritized deviations of all Goals }

Min Pl1d, +P2d, +P3d,* +P4d,

subject to
{ profit should exceed $30 }

{ wiring hours should be fully utilized}
{assembly 1yours should not exceed 30 hours }

{ x2 should be minimum 7}

X2 _7 = d4+ = d4-

All variables are non-negative

Solution Methodology ( Ist Obj Function)

Solve the LP model according to Priority values in the
objective function;

Hence first LP model is;

Min d;
subject to
7X1+6X2-30 = d* - d,
2X1+3X2 -12 = d,* - d,
6X1+5X2 -30 = d;* - dg
X2 -7 =4d,f-d,
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Solution Methodology ( 2nd Obj Function)

Solution of Ist LP model will yield a value for variable d,-
say; d,” =K1

Now add the value of this variable in constraint set and solve for second priority
variable as follows;

Min d,
subject to
7 Xl + 6 X2 - 30 = d1+ = dl
2 Xl + 3 X2 - 12 = d2+ = d2

X2 -7

|

+

1
o
» 1

Solution Methodology ( 3rd Obj Function)

Solution of 2nd LP model will yield a value for variable d,
say ; d,” = K2

Now add the value of this variable in constraint set and solve for third priority
variable as follows;

Min d,*
subject to
7X1+6X2 -30 = d;* - dy
2X1+3X2 -12 = d,* - dy
6X1+5X2 -30 = d;* - dy
X2 -7 = d;f -4d;

d,” =K1
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Solution Methodology ( 4th Obj Function)

Solution of 3rd LP model will yield a value for variable d,*
say ; d;* =K3

Now add the value of this variable in constraint set and solve for third priority
variable as follows;

Min d,

subject to
7X1+6X2 -30 =
2X1+3X2 -12 = d,* - dy
6 X1+5X2 -30 = d;* - dy
X2 -7 =4d,f -dy

|
o
fiiey
+
1
o
fiiey

APPLYING METHODOLOGY USING
LINGO

% LINGO Model - GOAL1 =13

| OBEJECTIVE FUNCTION;
min = DIN;

I CONSTRATINTS;

[GOAL_1 PROFIT] 7 * ¥l + 6 * X2 - 30 = DIP - DIN;
[GOAL 2 WIRING HRS] 2 * X1+ 3% K2 - 12 = D2P - DEN;
[GOAL 3 OVERTIME] 6% XL+ 5 * ¥z - 30 = D3P - D3N;
[GOAL 4 MINIMUM FAMN) X2 - 7 = D4P - D4N;

EGIN (K1) ; BGIN (X2) ;
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APPLYING METHODOLOGY USING
LINGO

< LINGO Model - GOAL1

| & OBIECTIVE BUNCTICN;

min = DIN; 2:Solution Report - GOAL1

Global optimal solution found.
Chjective wvalue: 0.o000o00o
Extended solwver steps: a

| CONSTRAINTSH
[GOAL_1 PROFY

[GOAL_Z_E\TIRIN Total solwver iterations: E
[GOAL_3_OVERT
[GOAL_4 MINIM

Variable Value Feduced Cost
D1 .0ooooo 1.000000
Il . 0ooooo -0ooooo
I2 pyululuja]ulu] .00oooo
Dip aooooo .00oooo
DZP aooooo .00oooo
DIN aooooo .00oooo
D3P aooooo .0ooooo
D3N .oooooo -oooooo
D4p . 0ooooo -0ooooo
D4 pyululuja]ulu] .00oooo

BGIN (X1} ; @IH

I o T T o I I Y U
o e o o o o |

Fow or Jurplus Dual Price

1 .0ooooo .Qooooo

GOLL_1_PROFIT .oooooo -oooooo

GOAL_ 2z WIRING HRS .Qooooo .Qooooo
GOAL 3 OVERTIMNE .0ooooo .Qooooo
GOAL 4 MINIMUM FAN .0ooooo .Qooooo

APPLYING METHODOLOGY USING
LINGO

2/ LINGO Model - GOAL2

| OBJECTIVE FUNCTION;

min = DZN;

I CONETRAIMNTE;

[GOAL_1 PROFIT] 7% Xl + 6 *% X2 - 30 = DLP - DIN;
[GOAL 2 WIRING HRS] 2 * ¥l + 3 * X2 - 12 = D2P - D2N;
[GOAL 3 OVERTIME] 6 * ®l + 5 * %2 - 30 = D3P - D3N;
[GOAL 4 MINIMUM FAN] ¥2 - 7 = D4P - D4N;

Dln = 0;

EEIN (K1) ; @GIN (X2) ;




APPLYING METHODOLOGY USING LINGO
2:Solution Report - GOAL2
Global optimal solution found.

Okjective walue: 0.0o0ooo
Extended solwver steps: 0
Total solver iterations: 2

Variable Value Reduced Cost

DZN 0.o000000 l.000000

X1 0.o000000 0.o000000

X2 5.000000 0.o000000

Dlp 0.o000000 0.o000000

D1N 0.o000000 0.o0o00000

DZP 3.000000 0.o0o00000

D3P 0.oo00000 0.oo0o0oo00

D3N 5.000000 0.o000000

D4P 0.o000000 0.o000000

D4N Z.0o0oo0 0.o0o0o00

Row glack or Surplus Dual Price

1 0.o000000 -1.000000

GOAL_1 PROFIT 0.o000000 0.o000000

GOAL 2 WIRING HRE 0.o000000 0.o000000

GOAL 3 OVERTIME 0.o000000 0.o000000

GOAL 4 MINIMUM FAN 0.o000000 0.o000000

5] 0.o000000 0.o0o00000

APPLYING METHODOLOGY USING
LINGO

> LINGO Model - GOAL3 M =13

| OBJECTIVE FUMNCTION:
min = D3F;

| CONSTRAINTE;
[GOAL 1 PROFIT]

[GOAL_Z WIRING_ HRE]
[GOAL 3 OVERTIME]
[GOAL 4 MINIMUM FAN]

BEIN (X1) ; @GIN (X2) ;
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% Solution Report - GOAL3 =3
Objective value: 0.o0o0o0000 ~
Extended solver steps: 0

| Total solver iterations: i

Variable Value Reduced Cost

L3P 0.000000 1.000000

H1 0.000000 o.o000000

H2 g.000000 0.oo0o0000

Dlp &.000000 o.000000

DlN 0.000000 0.oo0o0000

DZP &.000000 0.000000

DZN 0.000000 0.oo0o0000

D3N 0.000000 0.oo0o0000

D4p 0.000000 o.o000000

D4N 1.000000 0.oo0o0000

Row 3lack or Surplus Dual Price

1 0.000000 -1.000000

GOAT,_1_PROFIT 0.000000 o.o000000

GOAL_Z2_WIRING_HRS 0.000000 0.oo0o0000

GOAL_3_OVERTIME 0.000000 o.000000

GOAL_4 MINIMUM_ FAN 0.000000 0.oo0o0000
=} 0.000000 0.000000 —
7 0.000000 0.oo0o0000 -

APPLYING METHODOLOGY USING
LINGO

CONZTRATINTS ;

!
[GOAL_ 1 PROFIT] 7 HL + 6 *F HE2 - 30 = D1Pp - DI1N;
[GOAL_Z_WIRING_HRS] 2 * H1 + 3 * ¥H2 - 12 = D2P - DZN;
[GOAL_ 3 OVERTIME] 6 * ¥1 + 5 * ¥Z2 - 30 = D3P - D3N;
[GOAL 4 MINIMUM FAN] ®2 - 7 = D4P - D4N;

oDl = 0:

DZN = 0

D3F = 0;

BEIN (K1) ; @GIN (XZ2) ;




APPLYING METHODOLOGY USING
LINGO

>:Solution Report - GOAL4 =1E3
Global optimal solution found. -
Objective wvalue: 1.000000
Extendsed sclver steps: 1]
Tetal solver iterations: a
Variable Value Reduced Cost
D4N 1.000000 0.o0o0000
X1 0.o00000 0.o0o0000
Xa2 &.000000 -1.000000
Dle &.000000 0.o0o0000
DlN 0.o00000 0.o0o0000
DZP &.000000 0.o0o0000
DEN 0.o00000 0.o0o0000
D3P 0.o00000 0.o0o0000
D3N 0.o00000 0.o0o0000
D4p 0.o00000 1.000000
Row slack or surplus Dual Price
1 l.000000 -1.000000
GOAL_1 PRCOFIT 0.o00000 0.o0o0000
GOAL_Z WIRING HRE 0.000000 0.000000
GOAL_3_OVERTIME 0.o00000 0.o0o0000
GOAL_4 MINIMUM_FAM 0.000000 ~1.000000
& 0.o00000 0.o0o0000
7 0.o00000 0.o0o0000
g 0.o00000 0.o0o0000
w

Interpretation of Solution

Objective walue: 1.000000

D1N 0.000000
D2N 0.000000
D3P 0.000000
[D4N 1.000000]

. Profit Deviation ; D1=D1P-DIN =6-0=6

(Profit is $6 more than minimum of $30)

. Wiring Hours Deviation ; D2=D2P-D2N =6-0=6
(Wiring hours is 6 hours more than minimum of 12)

. Max Assembly Hours Deviation ; D3=D3P-D3N =0-0=0
(Assembly hours deviation is 0; exactly 30 hours are consumed)

. Minimum X2 >=7 Deviation;, D4 =D4P-D4N =0-1=-1
(One less unit is produced than a minimum requirement of 7 X2 units)
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Interpretation of Solution

Objective wvalue: 1.000000

DIN 0.000000

D2N 0.000000 X1=0  X2=6
)

D3P 000000

[Dan ‘nnn

Profit Deviation ; D1=D1P-DIN =6-0=6

(Profit is $6 more than minimum of $30)

Wiring Hours Deviation ; D2=D2P-D2N =6-0=6
(Wiring hours is 6 hours more than minimum of 12)

Max Assembly Hours Deviation ; D3=D3P-D3N =0-0=0
(Assembly hours deviation is 0; exactly 30 hours are consumed)

Minimum X2 >=7 Deviation; D4=D4P-D4N =0-1=-1
(One less unit is produced than a minimum requirement of 7 X2 units)

Goal Programming Versus Linear Programming

Multiple goals (instead of one goal)

Deviational variables minimized (instead of
maximizing profit or minimizing cost of LP)

“Satisficing” (instead of optimizing)

Deviational variables are real (and replace slack
variables)
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